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Surname
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matriculation number
1. Verify Schwarz’s Theorem for the function
f(x, y) = ln
x+ y
2xy
2. A function f : Rn \ {0} → R is positive homogeneous of degree k if for any x ∈:
Rn \ {0}
f(αx) = αkf(x)
Euler’s homogeneous function theorem states that if f : Rn\{0} → R is continuously
differentiable, then f is positive homogeneous of degree k if and only if
x · ∇f(x) = kf(x)
Given
f(x, y) =
√
x2 + y2
xy
establish if it is positive homogeneous and, in case, establish the degree of homo-
geneity.
3. Let f, g : R→ R two C2 functions.
(i) Show that u(x, y) := f(xy) satisfies the partial differential equation
x
∂u
∂x
− y∂u
∂y
= 0
(ii) Show that v(x, y) := f(x−y)+g(x+y) satisfies the partial differential equation
called wave equation
∂2v
∂x2
− ∂
2v
∂y2
= 0
4. Let
u(x, t) =
e−x2/4t√
4pit
, t > 0, x ∈ R
v(x, t) = x2 + 2t, t, x ∈ R
w(x, t) = e−t sinx, t, x ∈ R
show that u, v, w all satisfy the heat equation ut = uxx
5. Find the critical point of the function
f(x, y) = x2 − y2 + 3xy + 1
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6. Find, if they exist, the absolute maximum and minimum of the function
f(x, y) =
x+ y
1 + x2 + y2
for (x, y) ∈ R2
7. Given two nonempty subset X, Y of Rn their distance is defined by
d(X,Y ) := inf
x∈X,y∈Y
||x− y||
Find d(X,Y ) if
(a) X = {(x, y) ∈ R2 : x+ y = 3}, Y = {(x, y) ∈ R2 : x2 + y2 = 1}
(b) X = {(x, y) ∈ R2 : y = x2}, Y = {(3, 4)}
(c) X = {(x, y) ∈ R2 : ax+ by = c}, Y = {(x0, y0)}
Assume a, b ∈ R are such that a2 + b2 > 0 and ax0 + by0 6= c
8. If f ∈ L(R) show that
x(t) := x0 + v0 t+
∫ t
0
(t− r) f(r) dr
is such that 
x′′(t) = f(t)
x(0) = x0
x˙(0) = v0
9. Let
A =
{
(x, y) ∈ R2 | x4 ≤ y ≤ x2}
Evaluate ∫∫
A
2 sin (pix)
(
y + 2y3
)
dxdy.
10. Let
A =
{
(x, y) ∈ R2 | x2 + y2 ≤ 1} ∩ {(x, y) ∈ R2 | x2 − 1 ≤ y}
Evaluate ∫∫
A
x2dxdy.
11. Let A = {(x, y) ∈ R2 | 0 ≤ x ≤ y ≤ 2x} evaluate∫∫
A
xe−ydxdy
due time October 21st 2011
